Elastic Light Scattering by Semiconductor Quantum Dots 
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Elastic light scattering by low-dimensional semiconductor objects is investigated theoretically. 
The differential cross section of resonant light scattering on excitons in quantum dots is calculated. 
The polarization and angular distribution of scattered light do not depend on the quantum-dot form, 
sizes and potential configuration if light wave lengths exceed considerably the quantum-dot size. In 
this case the magnitude of the total light scattering cross section does not depend on quantum-dot 
sizes. The resonant total light scattering cross section is about a square of light wave length if 
the exciton radiative broadening exceeds the nonradiative broadening. Radiative broadenings are 
calculated. 

PACS numbers: 78.47. + p, 78.66.-w 



I. INTRODUCTION 

Measurement of elastic light scattering by size- 
quantized low-dimensional semiconductor objects (quan- 
tum wells, quantum wires and quantum dots) is a simple 
and convenient method to investigate excitonic excita- 
tions in these objects. 

If exciton energy levels are discrete, light scattering 
becomes stronger resonantly at coincidence of the light 
frequency uji with the exciton frequency uoq. A resonant 
peak width is determined by the exciton damping T . The 
same concerns to the light absorption. 

For the first time the role of so-called radiative damp- 
ing 7r of excitons was discovered in light reflection of 
quantum wells. It was shown that the total damping F 
consists of two parts: F = 7r + 7, where 7 is the ex- 
citon nonradiative damping [1]. The same concept was 
extended on light absorption by quantum wells [2] (see 
also review [3]). The light reflection by quantum wells, 
quantum wires and quantum dots was considered for the 
first time in [4]. 

There are two methods to investigate theoretically the 
light scattering by semiconductor objects. First of them 
we name as semiclassical method, since it is reduced 
to calculation of classic electric fields, whereas the de- 
scription of electronic systems is quantum (it needs to 
be mentioned that a creation of an electron-hole pair is 
described by a non-diagonal matrix elements Tpcv of the 
momentum operator). The semiclassical method is de- 
scribed in [5]. It consists of calculation of averaged (on 
the ground state of a crystal) current and charge densi- 
ties induced by a stimulating electric field and solution 
of the Maxwell equations inside and outside of the object 
with subsequent use of boundary conditions for electric 
and magnetic fields. Inelastic light scattering (for exam- 
ple, the Raman scattering) is caused by fiuctuations of 
currents and charges. Let us emphasize that calculations 
of current and charge densities are made in view of exci- 
ton nonradiative broadenings 7 [5], that allows to calcu- 



late not only scattering, but the light absorption also (at 
7 = the light absorption is absent). The quasi-classical 
method in calculations of reflection and absorption coef- 
ficients in quantum wells was used in [4,6-8]. In [9] the 
same method was applied to calculation of electric fields 
arising at resonant light scattering on excitons Fg x F7 in 
spherical quantum dots, consisting of crystals of a class 
Td (for example, GaAs) and limited by an infinitely high 
potential barrier. 

The second method is quantum one. The electric field 
is quantized and the quantum perturbation theory is 
used. We have checked up that both methods give iden- 
tical results for dimensionlcss light reflection coefficients 
in quantum wells if the light-exciton interaction is taken 
into account in the lowest order. That is admitted at 

Ir < 7- 

Certainly, the quasi-classical method has a number of 
advantages before the quantum method. First, it allows 
to take into account precisely the light-electron interac- 
tion, i.e., all processes of light reradiation and reabsorp- 
tion. The exact description is being achieved, if to substi- 
tute genuine electric fields in expressions for current and 
charge densities. Then we obtain automatically that the 
resonant contributions of excitons in dimensionlcss light 
refiection and absorption coefficients in quantum wells 
and in the light scattering cross sections in quantum wires 
and quantum dots contain factors [{uji — wq)^ + r^/4]~^, 
where (Do = + is the renormalized exciton fre- 
quency [6,8,9]. 

Secondly, the quasi-classical method allows to calculate 
precisely the light absorption by low-dimensional objects. 
For quantum wells this task is solved in [6-8]. In [9] 7 = 0, 
and the Hght absorption by a quantum dot is absent. 

Thirdly, the quasi-classical method allows to go from a 
monochromatic irradiation to a pulse irradiation and to 
obtain new interesting results [10-14]. 

Finally, the quasi-classical method allows to take into 
account a permittivity difference of objects and environ- 
ment [6,9,12]. 
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However, the quantum method has one decisive advan- 
tage. - It is much easier especially for quantum wires and 
QDs, that is shown below. 



vector, dcvri = —{'>'S/'m'0'-^g)Pcvri, nfii) is the free electron 
mass, fiujg is the energy gap, Tpcvri is the momentum in- 
terband matrix clement. Using (5) and (6) in (3), we 
obtain V = V\ + V2 + h.c, where 



II. THE QUANTUM THEORY 

Let us calculate a probability of a stimulating photon 
absorption and a scattered photon creation. According 
to the perturbation theory 



Wi = -J2\Mfi\''S{Ef-E,), 
^ f 

where Ei{Ef) is the initial (final) state energy, 

{f\V\m){m\V\i) 



M 



Ei-E^ + iSh 



(1) 



(2) 



is the compound matrix element, E^ is the intermediate 
state energy, S +0. 

The charge - electric field interaction is as follows 

V = - J d'r d{r)E{r), (3) 

where the polarization density 

d(r) = ^ r,pi(r), p,(r) = eS{r - r^) (4) 

i 

is introduced. We use the field E(r) in the secondary 
quantization representation [15, p. 579] 



, , i 2TTh 

E r = -shy- 
ly \ Vo 



(5) 



where Vq is the normalization volume, ui = ck/u is the 
frequency, k is the light wave vector, i/ = is the light 
refraction coefficient, which is identical inside and out- 
side of the semiconductor volume, e^k is the polarization 
vector, /i is the polarization index, c^]^(c^k) is the photon 
creation (annihilation) operator. In (5), the approxima- 
tion Ufj,k = c/v is used, where M^k is the light group 
velocity. The field (5) is normalized so that the energy 
in the volume Vq equals Xlk,/* ^'^kiNf^k + 1/2). 
In the effective mass approximation [5], 



d(r) 



r) 



n 



(6) 



where superscript nd means a non-diagonal part of the 
operator (having only non-diagonal matrix elements), 
a+(o,,) is the exciton creation (annihilation) operator 
with an index 77, -F',)(r) is the exciton envelope wave func- 
tion at = Th = r,re(r?j) is the electron (hole) radius - 



Vo 



moUgV V Vo 
X (pCT,,e^k)-P*(k), 



1/2 



1/2 



moLOgU \ Vo 
X iPcvr,e;k)P;i--ki), 



1/2 



°.(k) = / 



(7) 



(8) 



The compoimd matrix element (2) consists of two parts 

{f\V+,^\m){m\V^2)\i) 



Mfi = Mj^ + M] 



Ei- Em + iSh 



(9) 



In the initial state \i), there are the semiconductor ground 
state and Ni photons with a wave vector k; and polar- 
ization e;, iV; ^ 1. In the final state |/), there are Ni — 1 
photons of exciting light and one photon of scattered light 
with a wave vector kg and polarization e^. 

In an intermediate state (process 1), there are Ni — 1 
photons of exciting light and an exciton rj; in the interme- 
diate state (process 2), there are A^; photons of exciting 
light, one photon of scattered light and an exciton t]. 

For probability W; we obtain the result 



Wi 



{2^ 



E 

ks,(U 



E^. 



S{UJI - Us), 



(10) 



where the designation 

{Pcvr, ei ) {Pcvr, ) * P^* (k; ) (kg 



iS 



U!i- u>n- 

iP*cvr,ei){p*cvr,ee)*Pn{-'ki)P;i-ks) 

LOl+UJrj+ i6 



(11) 



is introduced. The summation in the RHS of (10) is 
carried out on wave vectors kg and polarizations n of 
scattered light. 

Let us consider the resonant scattering, when energies 
Uwi and Uur, exceed slightly the energy gap. Then the 
"non-resonant" second term in the RHS of (11) must be 
omitted. 



3 



Substituting the summation kg by the integration and 
integration on the module by the integration on fre- 
quency Us = cks/v, we obtain 



Wi 



dos 



(12) 



where A^i is the resonant term from (11). The expres- 
sion (12) is universal one: It is applicable to any low- 
dimensional semiconductor objects, including the pres- 
ence of quantizing magnetic field. 



III. LIGHT SCATTERING ON QUANTUM 
DOTS. 



If the excitonic state (see section VI below) is degener- 
ated (i.e., the same energy = loq corresponds to some 
set of indexes rj, and the function P,,(k) — P(k) and only 
vectors Pcvrj depend on -q) the contribution of this state 
into the light scattering section equals 



do. 



where 



dao cJcr^ 
do^ ~ 



dOs 



(16) 



9 \ 2 4 



9 A A I' — 'f^ 



\p{^^ir\piK)\' 

{ioi - ivo f + 6^ ' 



(17) 



(18) 



A quantum dot may be of any form (sphere, cube, disk) 
and be limited by any energy potential (parabolic, rect- 
angular) of any height. All the features of quantum-dot 
structure influence only on Prj(k) for an exciton rj. The 
angular distribution of scattered light depends also on 
the structure of vectors Pcvri^ which, generally speaking, 
are complex. For cubic crystals (class T^) these vectors 
are different for excitons, containing heavy or light holes 
from the valence band, chipped off by the spin-orbital in- 
teraction [16,17]. Under an exciton we consider any state 
of an electron-hole pair with a discrete energy level. 

In a case of a qiiantum dot, it is naturally to introduce 
the light scattering cross section. According to Eq. (12), 
the scattered energy flux in an solid angle interval dOs in 
time unit equals 



Let us designate by R the greatest quantum-dot size and 
consider a case, when a light wave length is much greater 
than R, i.e., kR < 1. Then the value P{ki) ~ P(0) = 
/ d^rFrj (r) does not depend on a wave vector k, and the 
resonant contribution to the cross sc;c;tion is described by 
the formula (17), in which it is necessary to make the 
replacement |P(ki)P|P(k,)|2 ~ \P{0)\^. 

It is possible to make the following conclusions. At 
kR <C 1 the polarization and angular distribution of scat- 
tered light are determined only by the factor \E^{ei,es)\'^ , 
containing the vector Pcvrp i-c, it does not depend on the 
quantum-dot form and on the exciton wave function. The 
sciction magnitude does not depend on the quantum-dot 
sizes. Certainly, the energy level position depends on 
the quantum-dot form and sizes. 



TiuJidWi = 



mlul 



Nicjf 

2 



do„ 



(13) 



The energy flux of stimulating light on the unit area 
in time unit equals 



Si 



Nihuji c 



(14) 



Eq. (13) divided by (14) is the light scattering differential 
cross section 



da = 



CUT 



he J c^u^mi 

y ^ ^ 



E 



Ea 



dOg. 



(15) 



Eq. (15) describes an angular dependence and (without 
sum on ju) polarization of scattered radiation. If ui is 
close to uJrj of some excitonic state, the resonant amplifi- 
cation of scattered light is observed. 



IV. THE RADIATIVE BROADENING OF THE 
EXCITON LEVEL 

It is well known (see, for example, [1-8]) that the exact 

account of the electron-electromagnetic field interaction 
and account of the exciton nonradiativc broadening 7^ 
results in the replacement of the factor (cj; — -I- i6)~^ 
by [oJi — u)n + »(7rr; + 7)))/2]~"^ in (11), where 'fm is the 
radiative broadening, hojrj is the renormalized exciton en- 
ergy, UJr^ =U!jj+ Aw^. 

The calculation of radiative broadening is made ac- 
cording to Erj. (1). The matrix element Mfi = {,f\V\i) 
corresponds to a direct transition from an initial state (in 
witch there is the exciton ij , but the photons are absent) 
in final state, containing the ground state of a crystal and 
a photon with a wave vector k and polarization fx. Using 
Eqs. (3) - (6), we obtain 



47r^ 



Irri — 



x\Pr,{k)\^6{LUr,-U!k) 



\ ^ 1 |2 



(19) 
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Having replaced summation on k by integration, we ob- 
tain the result 



VI. EXCITONS Tfi X T7 IN CUBIC CRYSTALS 
OF THE CLASS Ta. 



Irri 



2TThmQUJgC^ 



j '^OkJPc^r,e^kJ^|P„(k^)r. 



(20) 



where k^, is the vector with module kr, = LOr^vjc. The 
formula (20) is applicable to any quantum wells, quan- 
tum wires and quantum dots at any magnitudes of the 
parameter k^d, where d is the characteristic size. 

Under condition k^^R <C 1, we obtain for a quantum 
dot 

eV;>|P,(0)p ^ ^ ^ I ,2 

whence it follows that the radiative broadening does not 
depend on quantum-dot sizes. 



V. ESTIMATION OF THE MAGNITUDE OF 
THE LIGHT SCATTERING SECTION IN THE 
RESONANCE 

Taking into account the exciton energy corrections and 
both radiative and nonradiativc broadcnings, with the 
help (16) and (17) we obtain the formula for the total 
light scattering cross section for any quantum dot near 
the resonance uii = wq- 



LOT 



\P{^i)? 



{uji - CjaY + (7r + 7) V4 
cio,|P(k,)|2^|S^(e,,e,)p. 



(22) 



For an estimation of the magnitude of the radiative 
broadening, we use Eq. (20). Let us assume that 7 <C 7r. 
Then, we obtain 



0-0(0;; = Wo) = 



X 

72 ' 



(23) 



where a; is a number about unit. 

It follows from (23) that the elastic light scattering 
cross section in the resonance is about a square of wave 
length of the exciting light in the case, when the radia- 
tive broadening exceeds nonradiative one. It can be car- 
ried out in perfect quantum dots. This result is true at 
kiR<^ 1, and at A;;i? > 1 for any quantum dot, in which 
exciton energy levels exist. Otherwise at 7 7^. the 
magnitude of the cross section in resonance decreases in 
{lllr)"^ times. 



As an example, we consider an exciton formed by an 
electron from the twice degenerated conduction band Fg 
and by a hole from the twice degenerated valence band 
chipped off by the spin-orbital interaction. Such ex- 
citon is considered in [9]. 

In designations of [17], electron wave functions have 
the structure 



*ei = iS T, *ei = iS i, 
and hole wave functions are 



(24) 



(25) 



Combining functions (24) and (25) in pairs, we obtain 
the four times degenerated excitonic states, for which 
the vector equals 

Pcv / . 

Pcvi — "^3 '^^yf'> 

Pcv / . N 

Pcv2 = -^{^X + ley), 

Pcv 

Pcv3 — "^3 ' 



Pcv 

7!^ 



(26) 



where we have introduced a scalar Pcv = i{S\px\X). 
ex,ey,ez arc unite vectors along crystallographic axes. 

Let us consider a circular polarization of exciting and 
scattered light 



1 



= -^{exi±ieyi), 



(27) 



where unite vectors e^; and Byi are perpendicular to the 

axis zi directed along the vector k;. Unite vectors Sxs 
and Bys are perpendicular to the axis Zs directed along 
the vector kg. 

Direction of k; concerning crystallographic axes is ar- 
bitrarily. It is described by angles 'di,(fi, where t?; is 
the angle between chosen crystallographic axis z and k; . 
The direction of k^ is described by angles "ffstfa- Direct 
calculation of 5(6;, eg) (18) results in 

S(e;+,e+) = S*(e;"",e;) 



Pcv 



{( 1 -I- COS 1?; cos ) COs{ips - Ifl ) 



3 

-I- sin sin 

-I- iicos-di - cos-ds) sin(v5g - tpi)}, 



(28) 
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= -^{(1 -COST?; cos C0S(<P5 -y;) 

— sin I?; sin i^g 

+ i(cosi?i - cos'&s)sm{ips - ipi)}. 
Squaring (28) and (29) on the module, we obtain 
|S(e+ e^)|2 = |S(er,e7)|2 

= ^(1 + COS0)2, 

||S(e+ e,-)|2 = |S(er,e+)p| 



(29) 



(30) 



(31) 



where 6 is the angle between k; and kg. 

Let us notice that at a direction of light along the crys- 
tallographic axis z, i.e., k; along z, at polarization 
only the exciton with 77 = 1 and Pcvi = {Pcv/V^){gx — 
iBy) is excited, and at polarization ej" only exciton with 

7] = 2 and Pcv2 = {Pcv/V^){ex + i^y) is excited. How- 
ever, at any direction of light concerning crystallographic 
axes, all four excitons are excited. 

Substituting (30) and (31) in (17), we obtain the dif- 
ferential light scattering cross sections 



da 



++ 



da 



do. 



do. 



(1 + cos 61)2 



da+- da-+ ^ (1- cos 61)2 
— — 2^0- 



(32) 



(33) 



dos dos 9 
where superscript ++ means polarization of exciting 



(scattered) light e^(e+) etc.. 



Sn = 



e^V uofpt |P(kOnP(k,)p 
he) ^Xc' (('-V -wo)2 + ,^2)• 



(34) 



Summarizing on polarizations of scattered light, we ob- 
tain 

da^ da~ 2^ ,^ , „, 

— = — = -So 1 + cos^ e), 35 

dOs dOs 9 

where superscript -|-(— ) means polarization of exciting 
light e+(ef ). 

Finally, the total light scattering cross section a^ — a^ 
turns out as a result of integration on angles determining 
a direction of kg. The factor |P(k;)p can cause depen- 
dence of the cross section on a direction of exciting light, 
for example, if a quantum dot is a disk. 

If the magnitude P(k) depends only on the module k 



P(k,) = P(k,) = V{kiR), 



(36) 



the magnitude of So does not depend on a direction of k; 
and kg. But in this case (as it follows from (34) and (35)) 



the light scattering is not isotropic. Under condition (36), 
integration on angles, determining a direction of k^, is 
carried out easily, and we obtain the result for the total 
section 



a'^ = a 



327r f ujfp'^^ 



27 Khc J LOgUi^e 



\V{kiR)\ 



4^4^2 
4 



For example, using the envelope wave function 



2-kR 



(37) 



(38) 



we obtain 



2 
1. 



V{kR) = / dx sm 



V{0) 



kRx\ sin^ X 
TT J a; ' 



(39) 



Under condition kiR <C 1 in Eqs. (34) and (37), we be- 
lieve P(k) ~ P(0) and obtain results applied in case of 
small quantum dots of any form, sizes and potential con- 
figurations for light scattering in cubic crystals of a class 
Td, having holes from the chipped off valence band. In 
cases of heavy or light holes in the exciton structure, we 
obtain other results caused by other structure of vectors 

At kiR > 1 it may be essentially to take into account 
a difference of permittivities inside and outside of the 
quantum dot. 

Let us calculate the radiative broadening for exci- 
tons with vectors Pcvq from (26). The factors 5,,^ = 
IPrarjC^nkP enter in Eq. (21). Using (26), we obtain the 
following results 



Si+ 


= S2- 


Pcv , 

6 


Si- 


= S2+ 


^cv 1 

~ 6 


S3+ 


= Ss- 


= ^4+ 






sin^ 1?, 




6 





(40) 



where subscripts 1-4 correspond to excitonic states (26). 
Subscripts -I- and — describe the circular polarization 
= (e^' ± ieyi)/\/2, if the vector k is directed along 
z'j'd is the angle between the crystallographic axis z and 
k. Summarizing on polarizations, we obtain 



Si — S2 



■(1 -Fcos^ -d), 



Sa = ^ sin^ 1?, 



(41) 



where 5^ = IPcwrje^kP- Substituting (41) in (21), we 
obtain 

T""! ~ "^""^ ~ c t. 2 2 2 



6 



X j dok(l +cos2i9)|P(k)p, 

7r3 = 7r4 = 7rl/2, k = LOqV / c. (42) 

In a case (36), integrating on angles determining a direc- 
tion of k, we have 

lrl=lr2^lPfk^,\V{kR)\^ (43) 
7r3 = 7r4 = 7rl/2. (44) 

In a case kR <^ 1, for radiative broadenings of any ex- 
citons Tq X Tj, we obtain Eq. (43), in which the factor 
|P(fci?)|2 is replaced by |P(0)|2. At P(0) = 1, (43) coin- 
cides with Eq. (6) of [9], if in the last to put Si ^ 62 = i^'^ ■ 

VII. RESULTS 

With the help of the quantum perturbation theory 
in the lowest order on the light-electrons interaction, 
the probability of the elastic light scattering on low- 
dimensional size-quantized semiconductor heterostruc- 
tures (Eq. (12)) is calculated. For a quantum dot, the ob- 
tained expression allows to calculate dimensionless light 
reflection coefficient, in a case quantum wires the light 
scattering section on a length unit. For a quantum dot 
the dimension of cross section is cm^. 



The differential cross section of resonant light scatter- 
ing on any exciton in a quantum dot of any form, poten- 
tial configuration and sizes (17) is obtained. 

Under condition kR. <C 1, the polarization and angular 
distribution of scattered light do not depend on the quan- 
tum dot form and on the exciton envelope wave function, 
but depend only on vectors Pcvri, which are non-diagonal 
matrix elements of the momentum operator of excitonic 
states. The magnitude of the scattering cross section 
does not depend on quantum-dot sizes. 

With the help of the quantum perturbation theory, 
the formula (20) for the radiative broadening of the 
exciton 77 is obtained. It is applicable to any exciton 
in any quantum well, quantum wire and quantum dot 
at any magnitudes of fc,,-R, where R is the quantum- 
well width, quantum-wire diameter or quantum-dot size, 
krf — LOr/i^ / c, huri is the excitou energy, v is the light re- 
fraction factor, which is considered identical inside and 
outside of the object. For a quantum dot at fc,,i? <C 1, 
we find that the radiative broadening does not depend 
on the quantum-dot sizes (21). 

The estimation of the magnitude of the total light scat- 
tering cross section in the resonance uji = ujq shows that 
at 7 ^ 7r, the section is about (A;/27r)^a;, where x is 
some number. 

The example of the exciton Fg x Tj in cubic crystals 
Td is considered. 



^ L.C. Andreani, F. Tassone, F. Bassani. Solid State Com- 

mun., 77, 9, 641 (1991). 
^ L.C. Andreani, G. Pansarini, A.V. Kavokin, 

M.R.Vladimirova. Phys. Rev. B 57, 4670 (1998). 
^ L.C. Andreani. Confined Electrons and Photons. Ed. by E. 

Burstein and C. Weisbuch, Plenum Press, N.Y., 1995. 

* E. L. Ivchenko, A. V. Kavokin. Soviet Physics Solid State 
(St. Petersburg), 34, 968 (1992)). 

^ L G. Lang, L. L Korovin, S. T. Pavlov. Physics of the Solid 
State, St. Petersburg, 46, 1761 (2004); cond-mat/0311180 

® L.LKorovin, LG.Lang, D.A.Contreras-Solorio, S.T.Pavlov. 
Physics of the Solid State (St. Petersburg), 43), 2182 

(2001) ; cond-mat/0104262 

LG.Lang, L.LKorovin, D.A.Contreras-Solorio, S.T.Pavlov. 
Physics of the Sohd State (St. Petersburg), 44), 2181 

(2002) ; cond-mat/0001248 

* LG.Lang, L. L Korovin and S. T. Pavlov. Physics of 
the Solid State (St. Petersburg), 48, (2006), in print; 
cond-mat/0403519 

^ S.V.Goupalov. Phys. Rev., B 68, 125311, (2003). 



^° LG.Lang, V.I.Belitsky. Physics Letters A, 245, 329-333 
(1998). 

" D.A.Contreras-Solorio, S.T.Pavlov, L. I. Ko- 
rovin, LG.Lang. Phys. Rev. B., 62, 16815 (2000); 
cond-mat/0002229 

L.LKorovin, I.G.Lang, D.A.Contreras-Solorio, S.T.Pavlov. 
Physics of the Solid State (St. Petersburg), 44, 1759 
(2002); cond-mat/0203390 

L.LKorovin, I.G.Lang, D.A.Contreras-Solorio, S.T.Pavlov. 
Physics of the Solid State (St. Petersburg), 42, 2300 

(2000) ; cond-mat/0006364 

I.G.Lang, L.LKorovin, D.A.Contreras-Solorio, S.T.Pavlov. 
Physics of the Solid State (St. Petersburg), 43, 1159 

(2001) ; cond-mat/0004178 

L.D. Landau, E.M.Lifshitz. Electrodynamics of condensed 
matters, Moscow, Science, 1982. 
" J.M.Luttinger, W. Kohn. Phys. Rev., 97, 869 (1955). 
I.M.Tsidilkovsky. Band structure of semiconductors, 
Moscow, Science, 1978. 



